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TWO MENON-TYPE IDENTITIES USING A
GENERALIZATION OF THE EULER TOTIENT
FUNCTION
ARYA CHANDRAN, NEHA ELIZABETH THOMAS,
AND K VISHNU NAMBOOTHIRI
Abstract. Menon’s identity is a classical identity involving gcd
sums and the Euler totient function φ. A natural generalization of
φ is the Klee’s function Φs. In this paper we derive two Menon-
type identities using Klee’s function and a generalization of the
gcd function. We also provide an alternate approach to derive
the Menon-type identity given by B. Sury in [Rend. Circ. Mat.
Palermo 58, 99-108(2009)].
1. Introduction
The classical Euler totient function φ appears in many interesting
identities in number theory. Because of its applications in various
branches of number theory, it has been generalized in many ways. The
Jordan function Js(n), the von Sterneck’s function Hs(n), the Cohen’s
function φs [2] and the Klee’s function Φs [7] are some important ex-
tensions of φ (see definitions in the next section). Most of them share
several common properties. For example, Euler totient function φ holds
a relation with the Mo¨bius function. Similar relations are satisfied by
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all these generalizations. All these generalizations have product formu-
lae in terms of prime factorization of their arguments. Hence all these
are multiplicative and behaves similar to φ on prime powers.
Note that Cohen has proved in [2] the equality Js, Hs and φs though
they are all defined differently. Klee’s function Φs and Cohen’s φs are
connected by the relation φs(n) = Φs(n
s). Thus Φs seems to be a
natural generalization of φ (as for s = 1, the former turns out to be
equal to the later).
The classical Menon’s identity which originally appeared in [10] is a
gcd sum turning out to be equivalent to a product of the Euler function
and the number of divisors function τ . If (m,n) denotes the gcd of m
and n, the identity is precisely the following:
n∑
m=1
(m.n)=1
(m− 1, n) = φ(n)τ(n).(1)
It has been generalized and extended by many authors. Many of the
identities were derived using elementary number theory techniques. For
example, in a recent paper, Zhao and Kao [18] suggested a generaliza-
tion involving Dirichlet characters mod n using elementary number
theoretic methods. Their identity was
n∑
m=1
(m,n)=1
(m− 1, n)χ(m) = φ(n)τ
(n
d
)
,
where χ is a Dirichlet character mod n with conductor d. When one
takes χ as the principal character mod n, this identity turns to be equal
to the Menon’s identity. After this, a similar type of identity in terms
of even functions mod n was given by L. To´th [15]. An arithmetical
function f is n−even (or even mod n) if f(r) = f((r, n)). To´th also
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used elementary number theory techniques and properties of arithmeti-
cal functions to prove his identity. A different approach was used by
B. Sury in [13]. He used the method of group actions to derive the
following identity.
∑
1≤m1,m2,...,mk≤n
(m1,n)=1
(m1 − 1, m2, . . . , mk, n) = φ(n)σk−1(n)(2)
where σk(n) =
∑
d|n
dk. Sury’s identity was generalized further by Li,
Kim, and Qiao [8] computing the sum
∑
1≤m1−1,m2,...,mk≤n
(m1,n)=1
(ml1 − 1, m2, . . . , mk, n)(3)
where l is a natural number.
Various other generalizations of the Menon’s identity were provided
by many authors, see for example [3], [5], [11], [14] and the more recent
papers [4] and [16].
A natural question arising is if the gcd function appearing in the
Menon’s identity (1) is replaced with a generalization of it (which we
define in the next section), what could be the possible change that can
happen to this identity. We propose a very natural generalization of
this identity involving generalized gcd and Klee’s function. Further
we propose a generalization of the identity (2) of B. Sury replacing
gcd with the generalized gcd function and φ with Φs. Note that our
approach in generalizing (2) in fact gives an alternate way to derive the
Sury’s identity itself.
2. Notations and basic results
Most of the notations, functions, and identities we mention below
are standard and can be found in [1]. N denotes the set of all natural
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numbers. µ will be used to denote the Mo¨bius function on N. If [x]
denotes the greatest integer ≤ x, we have the identity
∑
d|n
µ(d) = [ 1
n
].
For a finite set A, by #A we mean the number of elements in A.
The Jordan totient function Js(n) defined for positive integers s and
n gives the number of ordered sets of s elements from a complete residue
system (mod n) such that the greatest common divisor of each set is
prime to n [6, pp 95-97]. The von Sterneck’s function Hs is defined as
Hs(n) =
∑
n=[d1,d2,··· ,ds]
φ(d1)φ(d2) · · ·φ(ds),
where the summation ranges over all ordered set of s positive integers
d1, d2, · · · , ds with their least common multiple equal to n. Note that
[a, b] denotes the lcm of integers a, b.
For m,n ∈ N, (m,n) will denote the gcd of m and n. Generalizing
this notion, for positive integer s, integers a, b, not both zero, the largest
ls (where l ∈ N) dividing both a and b will be denoted by (a, b)s.
Following Cohen [2] we call this function on N × N as the generalized
gcd function. When s = 1 this will be equal to the usual gcd function.
Like the gcd function, (a, b)s = (b, a)s. a ∈ N is said to be s−power
free or s−free if no ls where l ∈ N divides a.
The Cohen’s function φs is defined as follows. If (a, b)s = 1, a, b are
said to be relatively s−prime. The subset N of a complete residue
system M (mod ns) consisting of all elements of M that are rela-
tively s−prime to ns is called an s−reduced residue system (mod n).
The number of elements of an s−reduced residue system is denoted by
φs(n).
The values of Js(n) and φs(n) are the same by theorem 5 in [2].
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Using the above generalization of the gcd function, for positive inte-
gers s and n Klee’s function Φs(n) is defined to be the cardinality of
the set {m ∈ N : 1 ≤ m ≤ n, (m,n)s = 1}.
Note that Φ1 = φ, the usual Euler totient function on N. Some
interesting properties of Φs are the following.
(1) For n, s ∈ N, Φs(n) =
∑
ds|n
µ(d) n
ds
.
(2) For n, s ∈ N, Φs(n) = n
∏
ps|n
p prime
(1 − 1
ps
) where by convention,
empty product is taken to be equal to 1.
(3) Φs(p
a) =


pa − pa−s if a ≥ s
pa otherwise.
, where p is prime and a ∈ N.
(4) Φs(n) is multiplicative in n.
(5) Φs(n) is not completely multiplicative in n.
(6) If a divides b and (a, b
a
) = 1, then Φs(a) divides Φs(b).
(7) For a prime p, Φs(p) = p. So Φs(n) need not be even where as
φ(n) is even for n > 2.
(8) If 2s+1 divides n or 2s−1 | n and 2s ∤ n, then Φs(n) is even.
(9) If p is an odd prime such that ps divides n, then Φs(n) is even.
(10) If n = 2sa, where a is odd and a is s−free, then Φs is odd.
Many of the above properties are listed in [7]. The rest can be verified
easily via elementary techniques.
By τs(n) where s, n ∈ N, we mean the number of l
s with l ∈ N divid-
ing n. The function τs(n) is multiplicative in n, because for (m,n) = 1,
τs(mn) =
∑
ds|mn
1 =
∑
ds
1
|m
1
∑
ds
2
|n
1 = τs(m)τs(n). But τs(n) is not com-
pletely multiplicative as for example m = ps1p2 and n = p
s−1
2 p
s
3 gives
τs(mn) 6= τs(m)τs(n). The usual divisor function can be generalized
as follows: for k, s, n ∈ N define σk,s(n) to be the k
th power sum of
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the sth power divisors of n. That is σk,s(n) =
∑
ds|n
(ds)k. Note that
σk,s(n) 6= σks(n).
The principle of cross-classification is about counting number of ele-
ments in certain sets. Since we use it in our proofs, we state it below.
Theorem 2.1. [1, Theorem 5.31] If A1, A2, . . . , An are given subsets
of a finite set A, then
#(A−
n⋃
i=1
Ai) =#A−
∑
1≤i≤n
#Ai +
∑
1≤i<j≤n
#(Ai
⋂
Aj)
−
∑
1≤i<j<k≤n
#(Ai
⋂
Aj
⋂
Ak) + . . .
+ (−1)n#(A1
⋂
A2
⋂
. . .
⋂
An).
3. Main Results
We state below the main results we prove in this paper. The proofs
of these results are included in the next section.
As a consequence of the principle of cross-classification, we prove the
following.
Theorem 3.1. Let n, d, s, r ∈ N, ds|n. Let (r, ds)s = 1. Number of
elements in A = {r + tds : t = 1, 2, . . . , n
ds
} such that (r + tds, n)s = 1
is
Φs(n)
Φs(ds)
.
Theorem 3.2 (Generalization of Menon’s Identity). For n, s ∈ N,
n∑
m=1
(m,n)s=1
(m− 1, n)s = Φs(n)τs(n).
B. Sury in [13] proved the following identity.
Theorem 3.3 (Menon-Sury identity). Let m1, m2, · · ·mk, n ∈ N. Then∑
1≤m1,m2,···mk≤n
(m1,n)=1
(m1 − 1, m2, · · · , mk, n) = φ(n)σk−1(n).
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We give an alternate proof for the above identity and propose the
following generalization.
Theorem 3.4 (Generalization of Menon-Sury identity). Letm1, m2, · · ·mk, n, s ∈
N. Then
∑
1≤m1,m2,···mk≤n
s
(m1,ns)s=1
(m1 − 1, m2, · · ·mk, n
s)s = Φs(n
s)σk−1,s(n
s).
4. Proofs of Results
We prove theorem 3.1, which is essential in the proof of the general-
ized version of Menon’s identity (theorem 3.2).
Proof of theorem 3.1. This result is a generalization of theorem 5.32
appearing in [1]. We use the same techniques used there to justify our
claim.
We have to find the number of elements r + tds such that (n, r +
tds)s = 1. Hence we need to remove elements from A that have (r +
tds, n)s > 1. If for an element r+td
s of A, ps|n and ps|r+tds, then since
(r, n)s = 1, p
s ∤ ds. Therefore the number we require is the number
of elements in A with ps|n and ps ∤ ds for some prime p. Let these
primes be p1, p2, . . . , pm. Write l = p
s
1p
s
2 . . . p
s
m. Let Ai = {x : x ∈ A
and psi |x}, i = 1, 2, · · · , m. If x ∈ Ai and x = r + td
s, then r + tds ≡ 0
(mod psi ). This means that td
s ≡ −r(mod psi ). Since p
s
i ∤ d
s (which
is if and only if pi ∤ d), there is a unique t mod p
s
i satisfying this
congruence equation. Therefore there exists exactly one t in each of
the intervals [1, psi ], [p
s
i + 1, 2p
s
i ], · · · , [(q − 1)p
s
i + 1, qp
s
i ] where qp
s
i =
n
ds
. Therefore, #(Ai) = q =
n/ds
psi
. Similarly, #(Ai
⋂
Aj) =
n/ds
psi p
s
j
, · · · ,
#(A1
⋂
A2
⋂
· · ·
⋂
Am) =
n/ds
ps
1
ps
2
···psm
.
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Hence by cross classification principle, the number of elements we
seek is equal to
#(A−
m⋃
i=1
Ai) =#(A)−
m∑
i=1
#(Ai) +
∑
1≤i<j≤m
#(Ai
⋂
Aj)− · · ·
+ (−1)m#(A1
⋂
A2
⋂
· · ·
⋂
Am)
=
n
ds
−
∑ n/ds
psi
+
∑ n/ds
psip
s
j
+ · · ·+ (−1)m
n/ds
ps1p
s
2 · · · p
s
m
=
n
ds
(
1−
∑ 1
psi
+
∑ 1
psip
s
j
+ · · ·+
(−1)m
ps1p
s
2 · · ·p
s
m
)
=
n
ds
(1−
1
ps1
)(1−
1
ps2
) · · · (1−
1
psm
)
=
n
ds
∏
ps|l
(1−
1
ps
)
=
n
ds
∏
ps|n
(1− 1
ps
)
∏
ps|ds
(1− 1
ps
)
=
Φs(n)
Φs(ds)
.

We now prove the identity given in theorem 3.2
Proof of theorem 3.2. It is known that [12, Section V.3] ns =
∑
d|n
Js(d).
Recall that Js(n) = Φs(n
s). Therefore ns =
∑
d|n
Φs(d
s) =
∑
ds|ns
Φs(d
s).
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Now (m,n)s is an s
th power of some integer. So
n∑
m=1
(m,n)s=1
(m− 1, n)s =
n∑
m=1
(m,n)s=1
∑
ds|(m−1,n)s
Φs(d
s)
=
n∑
m=1
(m,n)s=1
∑
ds|n
ds|m−1
Φs(d
s)
=
∑
ds|n
Φs(d
s)
n∑
m=1
(m,n)s=1
m≡1(mod ds)
1
=
∑
ds|n
Φs(d
s)
Φs(n)
Φs(ds)
(using theorem 3.1)
=
∑
ds|n
Φs(n)
= Φs(n)
∑
ds|n
1
= Φs(n)τs(n).

Now we proceed to give an alternate proof to Menon-type identity
(2) due to B. Sury. Here we use some elementary number theoretic
techniques that we employed in the above proof. Note that the method
of group action was used by B. Sury in [13] to prove this identity.
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Proof of theorem 3.3.
∑
1≤m1,m2,···mk≤n
(m1,n)=1
(m1 − 1, m2, · · ·mk, n) =
n∑
m1=1
(m1,n)=1
n∑
m2=1
· · ·
n∑
mk=1
(m1 − 1, m2, · · ·mk, n)
=
n∑
m1=1
(m1,n)=1
n∑
m2=1
· · ·
n∑
mk=1
∑
d|(m1−1,m2,···mk,n)
φ(d)
=
n∑
m1=1
(m1,n)=1
n∑
m2=1
· · ·
n∑
mk=1
∑
d|m1−1,d|m2,···d|mk ,d|n
φ(d)
=
∑
d|n
φ(d)
n∑
m2=1
d|m2
· · ·
n∑
mk=1
d|mk
n∑
m1=1
(m1,n)=1
m1≡1(mod n)
1
=
∑
d|n
φ(d)
n∑
m2=1
d|m2
· · ·
n∑
mk=1
d|mk
φ(n)
φ(d)
(using [1, Theorem 5.32])
=
∑
d|n
φ(n)
n∑
m2=1
d|m2
· · ·
n∑
mk=1
d|mk
1
= φ(n)
∑
d|n
(
n
d
)k−1
= φ(n)
∑
d|n
(d)k−1
= φ(n)σk−1(n),
which completes the proof. 
Now we prove our generalization of Sury’s identity (2). The proof is
similar to the one given above.
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Proof of theorem 3.4. Consider the sum
∑
1≤m1,m2,···mk≤n
s
(m1,ns)s=1
(m1 − 1, m2, · · ·mk, n
s)s =
ns∑
m1=1
(m1,ns)s=1
ns∑
m2=1
· · ·
ns∑
mk=1
(m1 − 1, m2, · · ·mk, n
s)s
=
ns∑
m1=1
(m1,ns)s=1
ns∑
m2=1
· · ·
ns∑
mk=1
∑
ds|(m1−1,m2,···mk,n
s)s
Φs(d
s)
=
ns∑
m1=1
(m1,ns)s=1
ns∑
m2=1
· · ·
ns∑
mk=1
∑
ds|m1−1,ds|m2,···ds|mk,d
s|ns
Φs(d
s)
=
∑
ds|ns
Φs(d
s)
ns∑
m2=1
ds|m2
· · ·
ns∑
mk=1
ds|mk
ns∑
m1=1
(m1,ns)s=1
m1≡1(mod ns)
1
=
∑
ds|ns
Φs(d
s)
ns∑
m2=1
ds|m2
· · ·
ns∑
mk=1
ds|mk
Φs(n
s)
Φs(ds)
(using Theorem 3.1)
=
∑
ds|ns
Φs(n
s)
ns∑
m2=1
ds|m2
· · ·
ns∑
mk=1
ds|mk
1
= Φs(n
s)
∑
ds|ns
(
ns
ds
)k−1
= Φs(n
s)
∑
ds|ns
(ds)k−1
= Φs(n
s)σk−1,s(n
s).
This completes the proof. 
5. An alternating way of defining Φs and extending it
further
In [17] M. Ta˘rna˘uceanu suggested a new generalization of φ using
elementary concepts in group theory. His generalization was based on
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the following idea. An element m ∈ Zn is a generator of the group
(Zn,+) if and only if (m,n) = 1 if and only if o(m) = n = exp(Zn),
where o(m) is the order of the element m and exp(Zn) is the exponent
of the group (Zn,+). Thus φ(n) is the number of elements of order n
in Zn. That is φ(n) = #{m ∈ Zn | o(m) = exp(Zn)}. Ta˘rna˘uceanu
extended φ to an arbitrary finite group G by defining φ(G) = #{m ∈
G | o(m) = exp(G)}.
We may adapt this technique for defining the generalization Φs as
follows. An m ∈ N can be counted in Φs(n) if and only if 1 ≤ m ≤ n
and (m,n)s = 1. Now o(m) =
n
(m,n)
, and (m,n)s = 1 if and only if m
and n do not share any prime factor with power greater than or equal
to s. That is (m,n) = pa11 p
a2
2 · · ·p
ar
r with 0 ≤ ai < s. Here pi are prime
divisors of n. Therefore o(m) = n
(m,n)
= n
p
a1
1
p
a2
2
···parr
, 0 ≤ ai < s. By
using this fact, we may observe that Φs(n) = #{m ∈ Zn | o(m) =
n
p
a1
1
p
a2
2
···parr
, paii | n and 0 ≤ ai < s, i = 1, 2, · · · r}.
Now the extension of Φs can be taken as the following. For any arbi-
trary finite group G, define Φs(G) = #{a ∈ G | o(a) =
exp(G)
p
a1
1
p
a2
2
···parr
, paii |
exp(G) and 0 ≤ ai < s, i = 1, 2, · · · r}. With this definition we have the
following quick observations. For any finite cyclic group G, Φs(G) =
Φs(#G). For relatively prime integersm and n, we have Φs(Zm×Zn) =
Φs(Zmn) = Φs(mn). For s−free integers m and n, Φs(Zm × Zn) =
Φs(Zm)Φs(Zn). The last statement follows because
Φs(Zm × Zn) = #{a ∈ Zm × Zn | o(a) =
exp(Zm × Zn)
pa11 p
a2
2 · · ·p
ak
k
,
paii | exp(Zm × Zn) and 0 ≤ ai < s, i = 1, 2, · · ·k}
= #{a ∈ Zm × Zn | o(a) =
lcm(m,n)
pa11 p
a2
2 · · · p
ak
k
,
paii | lcm(m,n) and 0 ≤ ai < s, i = 1, 2, · · ·k}
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Note that if m and n are s−free then lcm(m,n) is also an s−free
integer. We have Φs(Zm×Zn) = #{a ∈ Zm×Zn : o(a) = d, where d |
lcm(m,n)} = mn = Φs(Zm)×Φs(Zn). It is not very difficult to deduce
the following general statement. For s−free integers m1, m2, · · · , mk,
Φs(Zm1 × Zm2 × Zmk) = Φs(Zm1)Φs(Zm2) · · ·Φs(Zmk).
6. Further directions
Since we feel that this is the first time Menon’s identity is revisited
through the generalized gcd concept, it would be interesting to see what
possible results can be obtained if one tries to apply our techniques to
other generalizations of the identity. In particular, we would like to
investigate in the future how does the identity of Zhao and Cao in [18]
change if one uses the generalized gcd, Φs and τs. Also, the general-
ization may have interesting consequences in group theory considering
the definition of Φs we gave in the previous section.
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